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Abstract. This study aims to describe students” ability to solve
mathematical problems from a commognitive point of view, It will
describe their word use, visual mediators, narratives, and routines. This
type of research is qualitative research with a descriptive approach. The
research method is comprised of four steps: (1) preparation, (2)
collecting data, (3) transcribing the data, and (4) analyzing the data. The
results of the study showed that the subject manifested visual markers
of algebraic expressions in verbal terms and used words symbolically.
The subject used sketching as a visual mediator, and the sketch was
divided into parts. Narrative was used by students in relation to broad
rectangular theorems and the concepts of addition, subtraction, and
multiplication. The subject carried out a routine to solve the problem,
which consisted of writing down what was known, dividing the
problem into several parts, identifying the purpose of the problem, and
making a sketch to determine how much fabric remained unused.

Keywords: Commognitive, Problem Solving, Visual Mediator, Word
Use, Routines, Narrative.

1. Introduction

The process of solving problems is part of the commognitive process of
individualisation carried out by each student. Despite being an internal process,
it still involves communication. The processes of individualisation and
communication are reflexively interrelated (Sfard, 2007). “Commognitive” is a
combination of the words ‘communication” and ‘cognitive’. Commognitive
methodologyes analyse how students solve mathematical problems (Presmeg,
2016). The purpose of commognitive analysis is to observe students' ability to
solve problems not only by the results they obtain but also by the words used,
routines performed, and visual narratives and mediators used to solve the
problem.
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Problem solving is at the core of mathematics learning (Subanji, 2013), and there
is a strong relationship between students' beliefs and problem-solving behaviour
and their academic performance (Callejo & Vila, 2009). In Indonesia’s 2013
curriculum, mathematical problem solving became one of the competencies that
middle school students must demonstrate. Some theorists argue that there are
various components to the problem-solving process (Bransford & Stein, 1993;
Gick, 1986; Pugalee, 2004; Bransford, Sherwood, Vye, & Rieser, 1986; Polya,
1954), but for the purpose of this study the researchers will emphasise five
components: identify, define, explore, act, and search. This is also known as the
IDEAL approach to problem solving (Bransford & Stein, 1993). The stages of
IDEAL problem solving are shown in table 1.

Problem solving in mathematics learning can be interpreted as the series of
processes followed to solve problems (Blum & Niss, 1991) or the direct goals of a
series of commognitive processes (Jonassen, 2000). Problem solving can also be
used to develop students’” commognitive abilities (Jonassen, 2000), encourage
creativity (Bransford & Stein 1993), and develop oral and written abilities that
are part of the mathematical application process (Pugalee, 2004). It can also
increase students’ motivation to learn mathematics (Song & Grabowski, 2006).

Therefore, problem solving is one of the main goals of learning mathematics.
Several problem-solving models have been proposed so far, one of which
consists of three stages: constructing the representation of problems, finding
solutions, and implementing existing solutions (Gick, 1986). Another widely
used problem-solving model consists of four stages, namely understanding
problems, planning solutions, resolving problems according to the plan, and
checking again on all steps that have been taken (Polya, 1954). The scientific
method is comprised of six stages (Kennedy, Tipps, & Johnson, 2008): (1)
understand the problem; (2) make a plan; (3) arrange experiments or
observations; (4) collect and analyse data; (5) determine conclusions; and (6)
interpret and evaluate solutions.

Table 1: The Stages of IDEAL Problem Solving

IDEAL Stages Description

Identification of Understand the problems in general and break them into several
problems parts.

Define goals Set goals to be achieved.

Explore possibe Look for various alternative solutions to problems and conduct
strategies studies on each alternative from different perspectives.
Anticipate Choose one solution and solve the problem according to the
outcomes chosen strategy.

Look back See the match between the goals to be achieved and the results

obtained and learn from the strategies used in solving the
problem.

Commognitive is a new word formed by combining ‘communication” and
‘cognition” (Sfard, 2008). Sfard suggests that thinking is a form of
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communication and defines thinking as an individualised version of
communication (Sfard & Kieran, 2001; Sfard, 2007; 2008; 2012). Thinking is
usually done internally and is generally considered to be inaccessible to others.
Thought activity carried out individually seems to originate within a person and
to take place biologically, but it still constitutes a form of communication from
the individual to himself (Sfard, 2001; 2008; 2012). Although thinking is
individual, the thought requires support from outside and does not have to be
personal or to have vocal or visual elements or words (Sfard, 2007; 2008; Sfard &
Kieren, 2001).

Sfard defines communication as an activity that causes one individual's actions
to be followed by action from other individuals. The first individual’s action
must be well defined as an act of communication, and the second individual’s
action must be a reaction to previous actions (Sfard, 2008). For communication to
be effective, it is important to ascertain the similarity of the message received
from an idea, meaning, or feeling to the message the sender intended (Sfard,
2001). Basically, communication is not only the exchange of messages in the
context of asocial process, but it also depends on the socio-cultural context,
including even visual means of sending messages such as gestures, pointers,
stances, and the like (Sdenz-Ludlow & Kadunz, 2016). Therefore, non-verbal
communication cannot be separated from the message in the study of
communication.

Communication varies according to the object or mediator used to provide the
rules followed by the interlocutor. The combination of all types of
communication carried out by several individuals is called “discourse’ (Sfard,
2008). Discourse is the communication of ideas, information, etc., especially
speech or conversation (Neufeldt & Guralnik, 1988). Discourse as a specific
example of communication, whether diachronic or synchronic, whether with
other people or with oneself, takes place pre dominantly verbally or with the
help of other symbolic systems (Sfard, 2001; 2007). Discourse can occur when
someone is given a problem and tries to solve it. This happens because in trying
to solve mathematical problems, the person’s discourse skills change to a new
communication format. The components examined as part of the commognitive
analysis in this study were word use, visual mediators, supported narratives,
and routines.

Word use: The word sused in mathematical discourse must be mathematical,
such as words for numerals, geometric concepts, quantities, and shapes. Word
use is important because it provides clues about how users perceive the world
(Sfard & Lavie, 2005; Sfard, 2007; 2008), and it includes the use of mathematical
terminology such as ‘topology” as well as ordinary words with specific meanings
in mathematics such as ‘boundaries’, “‘open’, ‘continuous’, and “group' (Nardi et
al., 2014). Mathematical discourse of functions for example, includes words such
as ‘domains’, ‘ranges’, ‘values’, “definitions’, and the like (Viirman, 2015). In this
study, words including algebraic, numerical, geographical, and equation-related
terms used by students in solving mathematical problems were examined.
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Visual mediator: Visual mediators are objects that are manipulated as part of the
discourse process (Viirman, 2015) or objects used to describe other objects in
discourse (Thoma & Nardi, 2016). Examples of objects used in mathematical
discourse include diagrams, symbols, and graphics as well as physical objects
used as props in teaching mathematics (Nardi et al., 2014). Numbers, algebraic
formulas, algebraic notations, graphs, drawings, and diagrams are the most
widely used examples of visual mediators in mathematics (Sfard, 2007; 2008). In
this study, visual mediators are considered to be objects such as graphics,
images, diagrams, and others that are used by students in solving mathematical
problems.

Narrative: The intended narrative is a sequence of speech, oral or written,
framed as a description of the relations between objects or of activities with or
by objects (Thoma and Nardi, 2016; Virmaan, 2015; Nardi et al, 2014).
Mathematical theories, definitions, proofs, and theorems are narratives of
mathematical discourse (Sfard, 2007; 2008). In particular, in research, supported
narratives are considered to be narratives that become mathematical facts, such
as axioms, definitions, and theorems, used by students in solving mathematical
problems.

Routine: A routine is a metarule process that describes patterns in discouraging
activities (Thoma and Nardji, 2016). A routine is a repetitive pattern of elements
in discourse such as defining, estimating, proving, estimating, predicting, and
abstracting (Nardi et al, 2014). Calculations are one example of a type of routine
that produces narratives about the number of objects in a particular situation. In
this research, a routine is defined as a process carried out by students such as
defining, estimating, or proving in the course of solving the problems provided.
Many studies on problem solving have described the problems associated with
gaining students’ trust (Kloosterman & Stage, 1992; Callejo & Vila, 2009; Bal,
2015) and encouraging them to solve problems with a metacognitive approach
(Schoenfeld, 1992; Naufal, Atan, Abdullah, & Abu, 2017) and mathematical
thinking (Henningsen & Stein, 1997; Sangpom, Suthisung, Kongthip, &
Inprasitha, 2016). In addition, commognitive research is still much more focused
on teachers than on learners (Berger, 2013; Nardi, Ryve, Stadler, & Viirman,
2014; Viirman, 2015; Tabach & Nachlieli, 2016, Metzuyanim & Tabach, 2017;
Tasara, 2017). Commognitive research related to problem solving has never been
done by other researchers. Therefore, it is necessary to do a study on problem
solving from a commognitive perspective. In this study, the researchers aimed to
describe students’ ability from a commognitive perspective as they solved
mathematical problems.

2. Method

This study aims to describe students” ability to solve mathematical problems
from a commognitive point of view. This type of research is qualitative, with a
descriptive approach. Four important steps were: (1) preparation, (2) collecting
data, (3) transcripts of data, and (4) analyzing data.
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2.1 Prepation

At the preparation stage, the researchers developed the test and interview
instruments that enabled the participants to be involved in the process of solving
mathematical problems. The test instrument involved mathematical questions
on Figure 1, that give participants the opportunity to demonstrate the use of
commognitive components (word wuse, visual mediators, routines, and
narratives) in solving mathematical problems in Table 2. Furthermore, the
interviews were designed to articulate students’ thought processes as they
solved mathematical problems.

Mother made a cloth 3.5 m long and 2.4 m wide. The cloth will be
used as a bed sheet, pillowcase and bolster. If the sheets need a
fabric measuring 2.4 m x 2 m, the pillowcase is 1 m x 0.5 m, and
the bolster is 1.2 m x 0.5 m. After being used to make bed linen, the
cloth is used to make 4 pillowcases, and 2 bolsters. Make a sketch

of the distribution of cloth and what cloth is not used!

Table 2: Indicators of the Commognitive Components Used in Solving Mathematical
Problems

Commognitive Component Indicator

Word use Writes and recites words including algebraic, numerical,
and geomantic terms, equations, and other terms used by
students in solving mathematical problems

Visual mediator Uses objects such as graphics, images, diagrams, and
others in solving mathematical problems

Narrative Describes mathematical facts such as axioms, definitions,
and theorems that are used by students in solving
mathematical problems

Routines Explains the steps followed to solve the problems given

2.2 Participants and Collecting data

The study was conducted in State Junior High School 1 Pamekasan with VIID
class research subjects. The VIID class is chosen because it is a superior class and
consists of 35 students. The students about the age of 13 years. The process of
data collection began with providing mathematical problems based on problem
solving to 35 students for individual completion. Ten students who answered
the questions given. These 10 students were the subjects in this study. Of the 10
subjects in table 3, 5 answered correctly without using problem solving, 3
answered with problem solving but gave in correct final answers, and 2
answered with problem solving and correct answers. After that, the researchers
conducted a data analysis of the answers provided by the subjects based on the
stages of problem solving and the components of the commognitive.

2.3 Analyzing data

In the process of implementing the settlement, students are asked to voice their
thoughts aloud. Students are given the opportunity to explore, take notes, and
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say all their thoughts and ideas. The researchers observes and records all
behaviours including students' verbalized thoughts during the work done by
students. After the students completed the work, the researchers transcribed the
data, and the students who were the research subjects were interviewed
individually to explain their problem-solving process from a commognitive
point of view. The researchers then conducted a data reduction by removing the
elements that were considered insignificant from all the data (observations,
interviews, thinking aloud, and field notes) to be examined in the data analysis
process.

3. Result and Discussion

In this study, students were given problems about algebra and were required to
answer by writing all the steps they followed in detail along with their
reasoning. Based on the data obtained, there are several differences in the
strategies used by students to solve problems. Some students experimented,
while others made images or found and used patterns. These three types of
strategies included several steps of IDEAL problem solving. Based on the data
collected, there were 10 research subjects in table 3, consisting of 5 students who
answered correctly without using problem solving, 3 who gave an incorrect
answer but used problem solving strategies, and 2 who answered correctly and
used problem solving strategies. After that, the researchers analysed the data by
looking at the tendency of the answers made by the subject based on the stages
of problem solving used and the components of the commognitive.

Table 3: Research subjects
Using problem solving Without using problem

solving (*)

5 students inclue (3 who gave an incorrect | 5 students
answer but used problem solving strategies
and 2 who answered correctly and used
problem solving strategies)

3.1 Subject without using problem solving

One of the 5 subjects (¥) who answered the problem correctly but did not use
problem solving immediately began working without writing down what was
known and what the purpose of the problem was. For an example of an answer
from this subject in Figure 2.
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Figure 2. Example one answer from 5 subjects
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Based on the data above, 5 subjects did not use the stages of problem solving in
finding a solution. The first subject worked directly on the problem. In this case,
the strategy used is to try to apply existing mathematical knowledge gained
from exploring past mathematical situations (Nunokawa, 2005) instead of
writing down what is known and the goal of the problem. The subject did not
explore strategies that might have provided a solution and did not carry out the
process of checking again. In this case, the only commognitive components of
the answers provided by students were word use, namely writing an answer
such as ‘35 x 24 = 82, 24 x 24 = 4.8, and the use of a visual mediator,
specifically drawing a sketch (Posamentier & Krulik, 2009).

3.2 Subject using problem solving

In addition to the types of answers written by the 5 subjects above, there were 5
subjects who provided answers using problem solving. Of these, 2 students
answered correctly in Figure 5a and 3 students answered incorrectly in Figure
5b.

At the stage of problem identification, the subject understood the problem in
general and broke it down into several parts such as the size of the overall fabric,
the size of the bed sheet, the size of the bolster, and the size of the pillowcase.
Dividing the problem into several parts made it easier for the subject to
understand the problem. The information known from the existing problem is
recorded in Figure 3.

DQ\VG\-O\W'\ B ‘Q\[a\n‘, 2,S m
,QV‘M P U m
Sprei > LHMELN G (Lm A g

bantal: twm g0 om

Ve degomation .U\ otk 1 L ghna, |

117 - \ coced
Known : Ppabric = 3,5 m pillow=1mx0,5m
Lpabric =2,5 m bolster =1,2m x 0,5m

Bed sheet=2,4m x2m
Pabric used : 4 pillow, 2 bolster, 1bed sheet

Figure 3. Stages of students’ understanding

The subject used mathematical words by writing and saying aloud that the size
of the cloth was p=3.5m and 1 =2.4 m, 2.4 m and 2 m on the bed sheet area, 1.2
m and 0.5 m in bolsters, and 1 m and 0.5 on pillowcases. This is in accordance
with Nardi et, al (2014), who explained that visual markers of algebraic
expressions are often manifested in verbal terms. In addition, the student used
visual mediators to dividing the cloth into several parts by sketching, as shown
in Figure 4.

e e

Figure 4. ketches/nitade by the subject
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At the stage of developing data to determine goals, the subject drew sketches in
order to more easily identify the objectives of the problem. The subject then
explained that the purpose of this problem was to look for the remaining unused
fabric. By sketching fabric for several sizes of bed sheets, pillowcases, and
bolsters, it was possible to measure the fabric that was not being used in Figure
4. The subject also wrote some numbers, such as 3.5 m, 2.4 m, etc. on the sketch.
It is appropriate that words and visual mediators serve as a medium for making
meaning (Kim, Choi, & Lim, 2017).

At the stage of exploring possible strategies, the subject uses a two-step strategy
by sketching first and then determining the size of the rest of the fabric by
reducing the area of the cloth as a whole by the area of cloth used for the bed
sheet, pillowcase, and bolster. The narrative component connected the sketches
with the strategies that might be used to find the area of the remaining fabric.
Students often try out possible strategies that could be used to find solutions at
this stage, although in this case the subject only used one strategy to solve the
problem.

At the stage of implementing the strategy, the subject implemented a strategy
that had been explored at a previous stage by sketching it first and determining
the rest of the fabric by reducing the area of the cloth as a whole with the area of
cloth used (bed sheet, pillowcase and bolster). As shown in Figure 5, the subject
made a sketch showing the parts of the fabric used for the bed sheets, pillow
covers, and bolsters, and the cloth that was not used. The subject determined the
amount of unused fabric by looking for the area of the fabric of 8.4 m2 with p =
3.5 m and 1 = 2.4 m, and then the subject found the area of the sheet with p = 2.4
m and | = 2 m, namely 4.8 m2. The subject then found the area of the pillowcase
by multiplying p =1 m and 1 = 0.5 m, giving an area of0.5 m2, and the area of the
pillow case by multiplying p = 1.2 m and |1 = 0.5 m for an area of 0.6 m2. The
subject then added the area of 4 pillowcases and 2 bolsters on the grounds that
the area of the pillowcase and bolster were already known, so it was possible to
calculate that the size of 4 pillowcases would be 2 m2 (0.5m x 4m) and the size of
2 sarongs bolsters would be 1.2 m2 (0.6 m x 2 m). Then, the subject added4
pillowcases and 2 bolsters to the area of the sheet to reach 8 m2. In determining
the remaining unused fabric, the subject reduced the area of available fabric by
the total area of fabric used, namely 8.4 m2 - 8.0 m2 so that the area of the
unused fabric was 0.4 m2. In this case, the subject got the amount from the 0.4
m?2of leftover cloth in Figure 5a. What distinguishes the two types of subjects
that answered the problem using the stages of problem solving is the
implementation of the strategy that they used. The first difference was that the
subjects whose final answers were incorrect added four pillowcases to2
pillowcases and listed the width of the fabric as 6.2 (circled in red in Figure 5b).
In addition, another thing that becomes the second difference of the two types of
subjects that use the stages of the problem is the subject that does not answer the
final result correctly, namely the broad theorem of the rectangle, should the unit
used be m2 not just m (blue circle). These two differences distinguish two types
of subjects who answer using the stages of problem solving.
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Figure 5. The subject carries out the strategy

At this stage the subject used mathematical language to write and say the steps
of the strategy used to find the solution, for example in the following
conversation:

Researchers: How do you solve this problem?

Subject: I sketched the pack, dividing the sheets, pillow cases, rolling gloves.
Researchers: Why are you sketching?

Subject: With sketches, I am easier to answer problems.

Researchers: Why is the sketch like that?

Subject: I made it that way, with a sketch that can determine the rest of the cloth,
sir.

Researchers: After sketching, what else do you do?

Subject: I am looking for a cloth area, sir

loes Vem: 2,55 k1Y broad fabric =3,5x 2,4
~ U mr =8,4m’
(925 gyrei 17-'% A broad bed sheet = 2,4 x 2
YR m = 4,8 m’
; broad pillow=1x05m
(vay b }H)f s P =0,5 m?
. broad bolster = 1,2 x 0,5
(vas qiwng W ‘{U"? =0,6 m2

Researchers: What do you do for that, sister?

Subject: By knowing the area of the fabric, the size of the bed sheet, the area of
the pillowcase, and the width of the pillow case, I could look for the rest
of the cloth, sir.

Researchers; How? Basically, what's the broad concept?

Subject: What do you mean, sir?

Researchers: Try to pay attention to the width of the cloth you are working on.
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Subject: I don't understand sir; oooh sir, it's supposed to be 8.4 m? sir.
Researchers: Sister understand the theorem?

Subject; No,sir.

Researchers: Continue the work that was previously

Subject: After getting 1 pillowcase and 1 bolster, I multiply 4 for the pillowcase

and 2 for the bolster.
(uas bowa® VAP oy bonbal O{CMTM broad pillow=1x0,5m 4 pillow=0,5 x 4
o5 " =05 m? =2m?
loes gangy> WL oS iy - O 1 broad bolster =1,2 x 0,5 2 bolster =0,6 x 2
. «0ibw S w =0,6 m? =12m’

Researchers: How much for 4 pillowcases and 2 bolsters?
Subject: 32 m sir.

Researchers: 32 m?

Subject: Hehehe, 3.2 m2sir.

Researchers: Continue.

Subject: Yes, just add the sheet area t03.2 m2.
Researchers; What for?

Subject: For the rest of the cloth pack, like sir ...

%q s WG
o B4 - . e therest =84—-48-2-12
° UN mt 1 \l/’l - 0‘4 mz

Subject: So the rest is 0, 4 m sir

During these conversations, the subject used sketches as visual mediators at the
initial stages of implementing strategies for problem solving. Students use
narratives to explain the broad theorem of rectangles (looking for the area of the
cloth, bed sheets, and pillowcases), the concepts of addition (putting 4
pillowcases with 2 bolsters), subtraction (total fabric area minus total area used),
and multiplication (4 bolsters and 2 pillowcases), although students do not fully
understand the broad rectangular theorem. This is supported by the fact that
they continued to write units of area using ‘m’ instead of ‘m2’. These results
indicate that the subject only used his mind without using supported narratives
in solving problems. The research findings are consistent with the claims of
Hoch and Dreyfus (2004) that there is no correlation between student structure
and manipulation skills. In addition, it supports the view that students who do
not have so-called mind structures cannot use properties of numbers or
functions to solve linear equations, but depend on other people's routines
(Linchevski & Livneh, 1999 and Hoch & Dreyfus, 2004).

The subject carried out a routine in solving the problem by explaining the steps
in full, writing down what was known, dividing the problem into several parts
(cloth, bed sheet, and pillowcase), identifying the goal of the problem, and
making a sketch to determine the amount of unused fabric. Routines carried out
by a subject can be flexible and do not always follow the externally provided
steps exactly. This is in line with the research conducted by Sfard & Lavie (2005)
that categorised routines into types, namely ritual and exploration. Ritual
routines are characterized by rigid rule-following where truth is determined by
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external authorities. Exploration routines, on the other hand, are flexible, often
dealing with mathematical objects and justified by mathematical means.

At the stage of checking again, the subject checked on what had been done
before but did not write down the final conclusion of the problem-solving
process. This is consistent with the research conducted by Pugalee (2004), which
states that the majority of students do not verify their final answer. The
commognitive component did not appear at this stage because the subject did
not write down the final conclusions of the problem-solving process.

4. Conclusion

This study has revealed students' ability to solve mathematical problems
from a commognitive point of view. The analytical framework of commognitive
theory (Sfard, 2008) can facilitate detailed analysis of the mathematical problem-
solving processes of junior high school students. The results of the study showed
that students used mathematical words in solving the problem by writing and
discussing the size of the fabric, the size of the sheets, the width of the
pillowcase, and the area of the pillowcase. Subjects mentioned visual markers of
algebraic expressions in verbal terms, and used words symbolically. The
students used sketches as visual mediators and divided the sketches into parts.
The subject also used a sketch to more easily solve the problem and to explain
the strategies he used. Students used narratives to explain the broad theorem of
rectangles (looking for the area of the cloth, bed sheets, and pillowcases), the
concepts of addition (adding 4 pillowcases to 2 bolsters), subtraction (total fabric
area minus total area used), and multiplication (4 bolsters and 2 pillowcases),
although students did not fully understand the broad rectangular theorem. This
is supported by the fact that they continued to write units of area using ‘m’
instead of ‘m2’. These results indicate that the subject only used his mind
without using supported narratives in solving problems. The subject carried out
a routine in solving the problem by explaining the steps in full, writing down
what was known, dividing the problem into several parts (cloth, bed sheet, and
pillowcase), identifying the goal of the problem, and making a sketch to
determine the amount of unused fabric.

The findings of this study indicate that students are still more focused on the
final results than in the IDEAL problem solving process and many students do
not look back at the IDEAL stage in doing their work. From a commognitive
framework, the subjects tend to use mathematical words and visual mediators at
the stage of understanding the problem, and narrative and routine at the stages
of exploring and implementing strategies. Thus, this study provides an initial
insight into how students describe mathematical problems from a commognitive
perspective.

With this study, the researchers hope that commognitive theory can provide a
theoretical and analytical perspective in understanding how students think
about solving mathematical problems. The researchers suggest further research
investigating how teachers and materials such as textbooks influence students’
thought processes from a commognitive perspective.
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